Truth Tables, Tautologies, & Logically Equivalent Statements:

When the simple sentences used to form a compound sentence can assume different truth values, we must consider cases where the sentences are true and where they are false.  A truth table shows all possible truth values.

Tautologies:
In logic, a tautology is a compound sentence that is always true, no matter what truth values are assigned to the simple sentences within the compound sentence.  For example, let us study the truth value of (p Λ q) → (p V q) by building a truth table.
	p
	q
	p Λ q
	p V q
	(p Λ q) → (p V q)

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	



Every entry in the last column is true.  That is, (p Λ q) → (p V q) is true for all possible truth values of p and q.  Therefore, we know that (p Λ q) → (p V q) is a tautology, or a basic truth in logic.

No every truth table is a tautology.  For example, suppose we reverse the hypothesis and the conclusion in the conditional statement just made and look at the truth table (p V q) → (p Λ q).

	p
	q
	p Λ q
	p V q
	(p V q) → (p Λ q)

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	



Notice that (p V q) → (p Λ q) is not a tautology because not every element in the last column is true.

Logically Equivalent Statements:

When two statements always have the same truth values, we say that the statements are logically equivalent.  To show that equivalence exists between two statements, we use the biconditional if and only if.  If the statements always have the same truth values, then the biconditional statement will be true in every case, resulting in a tautology.



Let p represent “I study.”



Let q represent “I’ll pass the test.”

The two statements being tested for equivalence are:
p → q:  If I study, then I’ll pass the test.

 
~ p V q:  I don’t study or I’ll pass the test.

Using the biconditional, we wish to test the truth of the statement:
 (p → q) → (~ p V q)

	p
	q
	~ p
	~ p V q
	p → q
	(p → q) → (~ p V q)

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	



Notice that the truth values of ~ p V q in column 4 match exactly with the truth values of p → q in column 5.  Thus ~ p V q and p → q are logically equivalent statements.  In fact, ~ p V q is sometimes called the conditional equivalence because the statement ~ p V q can be used to replace the conditional statement p → q.  This equivalence is verified by the tautology written biconditional statement in column 6.
Try this example:



Let c represent “Simone takes chorus.”




Let s represent “Simone takes Spanish.”

a) Using c, s, and the proper logic connectives, express each of the following sentences in symbolic form:



If Simone takes chorus, then she cannot take Spanish.
_________



If Simone takes Spanish, then she cannot take chorus.
_________

b) Prove that the two statements are logically equivalent, or give a reason why they are not equivalent.  (Hint: Construct a truth table!!!)
	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	


Exercises:
In 1 – 8: a) Copy and complete the truth table for the given statement.  b) Indicate whether the statement the statement is a tautology.

1)
	p
	q
	p Λ q
	(p Λ q) → p

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	


2) 
	p
	q
	p V q
	(p V q) → p

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	


3) 
	p
	q
	p → q
	p V (p → q)

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	


4)
	p
	q
	q → p
	p V (q → p)

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	


5) 
	p
	q
	~ q
	p → q
	~ q → (p → q)

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


6) 
	p
	q
	~ p
	p V ~ p
	q → (p V ~ p)

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


7) 
	p
	q
	p Λ q
	~ (p Λ q)
	~ (p Λ q) V q

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


8) 
	p
	q
	q → p
	~ (q → p)
	p → q
	(p → q) V ~ (q → p)

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


In 9 – 12: a) Complete the truth table for the given tautology.  b) Tell which two statements within the compound statement are logically equivalent.
9) 
	p
	q
	~ q
	p → ~ q
	p Λ q
	~ (p Λ q)
	(p → ~ q) ↔ ~ (p Λ q)

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	


10) 

	p
	q
	~ p
	~ p → q
	p V q
	~ (p → q) ↔  (p V q)

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


11) 

	p
	q
	~ p
	~ q
	~ p Λ ~ q
	p V q
	~ (p V q)
	(~ p Λ ~ q) ↔ ~ (p V q)

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	


12) 

	p
	q
	~ p
	~ p V q
	p Λ (~ p V q)
	p Λ q
	[p Λ (~ p V q)] ↔ (p Λ q)

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	


In 13 – 18, prove that the two statements listed as a) and b) are logically equivalent or give a reason why they are not equivalent:
13) a) q → p

b) p V ~ q


14) a) p Λ ~ q

b) ~ (~ p V q)
15) a) p Λ ~ q

b) ~ (p → q)


16) a) p → q

b) q → p

17) a) p → q

b) ~ p → ~ q


18) a) p V q
        b) p V (q Λ ~ p)
In 19 – 23: a) Using the letters given to represent sentences and the proper logic connectives, express each of the two compound sentences in symbolic form.  b) Prove that the two compound sentences are logically equivalent or give a reason why they are not equivalent.
19) 
Let f represent “I eat the right foods.”


Let s represent “I get sick.”


Sentences:
If I eat the right foods, then I don’t get sick.




I don’t get sick or I don’t eat the right foods.

20) 
Let m represent “Michael likes Math.”


Let s represent “Michael likes science.”


Sentences:
It is not true that Michael likes both math and science.




Michael does not like math or Michael does not like science.

21) 
Let t represent “Ms. Wu is a teacher.”


Let e represent “Ms. Wu is an engineer.”


Sentences:
If Ms. Wu is a teacher, then she is not an engineer.




If Ms. Wu is not an engineer, then she is a teacher.

22) 
Let s represent “You succeed.”


Let t represent “You try again.”


Sentences:
If you don’t succeed, then you try again.




You succeed or you try again.

23) 
Let p represent “Lines are perpendicular.”


Let s represent “Right angles are formed by the lines.”


Sentences:
Right angles are formed by the lines if the lines are perpendicular.

The lines are not perpendicular or right angles are formed by the lines.
