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3-1.  One vertex of an equilateral triangle 3-1.
is at the center of a circle, and the ‘ -
other two vertices lie on the circle, e
as shown. If the circle’s area is 167, P

what is the triangle’s perimeter?

3-2. My uncle’s birthday is
today. He is less than 100
years old, and his age is
six times the sum of its
digits. How old is he?

3-2.

3-3. . The first 4 rows of an array of consecutive inte- ) 3-3.
gers is shown at the right. The first row has 1 2134
entry. Every other row has 2 more entries than . 5 ¢ ¢
the row directly above it. What is the value of 14 13 151314 15 16
the 2013th entry in the 2013th row? [NOTE: For
this question, provide an exact answer, not an approximate answer.]

3-4, If the third-degree polynomial equation P(x} = 0 has three unequal 3-4.
real roots, what is the least possible number of unequal real roots "y

there could be for the sixth-degree polynomial equation P(x?) = 07 ~
3-5. In an arithmetic sequence (such as 7, 12, 17, 22, . . . ), the difference be- 3-5,
tween successive terms is fixed. If the sum of the 72nd and 112th terms AN ;;:}
of one such sequence is 22, what is the sum of the first 183 terms? (et b o
3-6. After five integers are paired in all possible ways, the integers in 3-6.
each pair are added. The ten sums obtained (not all different) are I R N N D @
1,4,5,7, 8,8, 11, 11, 14, and 15. What are these five integers? by ey MM

: 5) ar ,:35;?3’,-5:{%(0!5;1 2,3
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Contest # 3

Problem 3-1

Since the area of the circle is 167,
the length of each radius of the cir-
cle is 4. Since the triangle is equi-

lateral, its perimeter is 3 X4 = .

Broblem 3-2

My uncle's age must be a two-digit number, so we
can represent his age as 10t+u, where ¢t and u are
one-digit numbers. We know that 10t+u = 6(t+u),
from which we get 4t = 5u. The only solution that
meets the conditions of the problem is (¢,u) = (5,4),
so my uncle’s age is .

Problem 3-3

The right-most entry in row n is the number n?, so
the final entry in row 2012 is 20122, Therefore, the
2013th entry in the next row, the 2013th row, is

20122 + 2013 =14050157|

Problem 3-4

Consider the function P(x) = (x+1)(x+4) (x+9),
whose roots are the real numbers -1, -4, and -9.
Since P(x?) = (F+1) (x+4) (x2+9) > 0 whenever x
is real, and since P (x?) = 0 has only imaginary roots,
there is at least one such polynomial equation for
which the number of real roots is {0},

Answers & Solutions
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Problem 3-8

Method I: In our 183 ~term sequence a, a+d, a+2d,
a+3d, ..., a+182d, the 72nd term is a+71d, the 112th
term is a+111d, and the middle term is a+91d. We're
told that the sum of the 72nd term and 112th terms is
22,50 22 = (a+71d)+(a+111d) = 2a+182d =
2{(a+91d). Thus, a+91d = 11 is the value of the
middle term = the value of the average term, and
the sum of all 183 terms is 183X 11 = m

Method IL: a+(a+d) + (a+2d)+ ... +(a+182d) =
183a + lgé(lszd) = 183(a+91d). As in Method I,
a+91d = 11, so the sum is 183x 11 = 2013,

Problem 3-6

Each of the 5 integers is paired with each of the
other 4 integers, so each integer appears in 4 of the
10 sums. If we add all 10 sums together, their sum is
84. That means that the sum of the five integers is
84/4 = 21, The smallest sum is 1, so the sum of the
two smallest integers is 1. The largest sum is 15, so
the sum of the two largest integers is 15. Clearly
then, the middle integer is 21—15—1 = 5. The second
smallest sum has to be the sum of the smallest and
middle integers, so the smallest integer is 4—5 = -1,
Similarly, the second largest sum, 14, is the sum of
the largest and middle integers, so the largest integer
is 14—5 = 9, To get the second smallest integer,
subtract the smallest integer from the sum of the two
smallest integers; so the second smallest integer is
1—(-1) = 2. Since the largest integer is 9 and the
sum of the two largest integers is 15, the second larg-

est integer is 6. The 5 integers are | -1, 2, 5, 6, 9}.
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